SOLUTION

Ex9.1:1, 3,4
Ex9.2:1,2,9, 18, 19
Ex9.3:1,3,4,6
Ex9.4:1,2,56,9
Ex9.5:1,2 3,5



Ex9.1: (1)

- The number of integer solutions for the given equations is the
coefficient of

) x%in@+x+xt+-+x))%

N xiIN@A+x+x%+-+x29%(1 +x% +x*+ -+ x29)?
or (1+x+x%+-)(1+x%+x*+-)2

o) x30in (2 +x3 +xH) (3 +x* + -+ 1B

d) x3%in (1 +x+x% + -+ x°°)°
T+ x?+x*++30x+x3+x>++x*)or
T+x+x2+--PA+x2+x*+- ) +x3+x>+ ).



Ex 9.1: (3)

a) The generating function is either (1 + x + x2 + --- + x1%)%or
(1+x+x2%+-)°
[The number of ways to select 10 candy bars is the
coefficient of x10 in either case.]

b) The generating function is either (1 + x + x% + --- + x")™or
(1+x+x%+-)"
[The number of selections of r objects is the coefficient of x”
In either case.]



Ex9.1: (4)

a) The first factor counts the pennies; the nickels are counted by
the second factor.

) f)=Q+x+x*+-)A+x>+x04-)
(1+ x4+ 220 +..0).
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Ex 9.2: (2)

a) —27,54,—-36,8,0,0,0, ...
) 000011,1,1,1,..

3
0 flx) = 1fo =31 4+x2+xt+x6..]=x3+x5+x7 +x°...,
so f(x) generates the sequence 0,0,0,1,0,1,0,1,0,1, ...
A flx) = ﬁ =1+ (—3x) + (—=3x)% + (—3x)° + -+, 50 f(x)

generates the sequence 1, —3,3%, (—=3)3, ...

) 1@ =5=0)[E] = ()t 5+ ) + ] orw
generates the sequence % (%)2, (%)3, (%)4,

N f)=—=+3x"—11=(Q+x+x2+x>+-) +3x7 — 11,50

f (x) generates the sequence ay, a4, a,, ..., Where ay, = —10,
a,=4,and a; = 1foralli + 0,7



Ex9.2: (9)

a) 0

D (R)EDP? =5(5)EDM = (35) - 50,

9 ()EDE+OEDED™ +G)(G)EDE +
()G EDE + ) EDT = () + (DG +
PG+ GG+
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Ex 9.2: (18)

- a0t = [() 4 (F) a0+ (F) a2 4| The
coefficient of x™ Is

N CEXCECECEC A

n!

[((1+2n-2)(1+2n—4)---(1+2)(1)] .

—~ (2)" =
[((2n—-1)(2n-3)---(5)(3)(1)] (2)" = [2n-1)(2n-3)--(5)FR)MIEHM) _

n! nn!
2n)! _ r2n
ninl (n)



. B
Ex 9.2: (19)

8
a) There are 2871 = 27compositions of 8 and olz] = 24
palindromes of 8. Assuming each composition of 8 has the

same probability of being generated, the probability a
1

palindrome of 8 is generated is % ==
b) Assuming each composition of n has the same probability of
being generated, the probability a palindrome of n Is

2 _ gl _ gl

generated Is x




6+ 1;

5+ 2;

5+1+1;

4 4+ 3;

4 + 2+ 1;
44+14+14+1;
34+34+1;

34+24+2;
3+2+1+1;
3+1+1+14+1;
2+2+2+1;
2+2+1+1+1;
2+1+14+14+1+4+1;
1+1+1+14+1+1+1



Ex 9.3: (3)

- The number of partitions of 6 into 1°’s, 2’s, and 3’s is 7.






Ex 9.3: (6)

) f) =0 +x+x*+4+x)A+x2+x*+ - +x10) .

_ ] ) 1_x6i
I ) =

. . 1— x
0 M1+t 4+ x2 44 x50 = 112,






Ex 9.4: (2)

a) f(x)=3e*=3 Z‘i";o(?’i—’?l, so f(x) is the exponential generating
function for the sequence 3, 32, 33, .
f(x) = 6e5% —3e?* = 6%, (Si’f)l 3N®, (Z;C) s0 f(x) is the
exponential generating function for the sequence'
3,24,138, ...,6(5") — 3(2M), ...
c 1,1,3,1,1,1,1, ...
d)  1,9,14,—10,2%, 25,26, ...

b

N’

o) f)=14+x+x*+-=X%2,i! ( ) sof(x) is the exponential
generating function for the sequence 0' 1!, 2' 31,.

N flx)=3[1+2x+Cx)*+-1+3X72 0— s0 f(x) is the

exponential generatlng function for the sequence
4,7,25,145,...,(3n)2" + 1, .



Ex 9.4: (5)

- We find that

1 2 3 X X X N
1_x1—1+x+x +x° . =01+ U+ 21+ (3D
SO 1Txis the exponential generating function for the sequence

0!, 11, 21,3"...



Ex 9.4: (6)

2

2 (i) (14 x)? (1 b x o+ (’;—2))
) (1404 )+ @)+ ()
(i) (1 + x)3 (1 ¥ (9;—2))4

(1+x+ )+ )+ )

(ii) (1+x)<1+x+(
X +

2

(1 +x) 1+x+(’;—!)

(&) +&)+@)

~~
N~



Ex 9.4: (9)
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Ex 9.5: (1)

a) 14+ x4+ x?isthe generating function for the sequence

1,1,1,0,0,0, ..., 50 22 i the generating function for the sequence

1-
1, 1+1, 1+1+1 1+1+1+O ..— that is the sequence
1,2,3,3,.

h 1+x+ x2 + x3 is the generating function for the sequence
1+x+x2+x3

1,1,1,1,0,0,0, . — IS the generating function for the

sequence 1, 1+1 1+1+1 1+1+1+1,
1+41+1+1+0,1+1+1+1+4+04+0,... —thatis, the
sequence 1,2,3,4,4,4, ...

¢ 1 + 2x is the generating function for the sequence 1,2,0,0,0,0, .

2+0 1+2+0+0 . — that is , the sequence

1,3,3,3, ... Consequently, ;X [11+_2XX] - (1:2;2 is the generating

function for the sequence 1,1+ 3,1+3+3,1+34+3+3 +
3,... — thatis, the sequence 1,4,7,10, ....




Ex 9.5: (2)

a) (1) x
(i) =
(m) x)z
(iv) i 5
_1 k = the coefficient of x™ in a _x)g

=the coefficient of x™ in x(1 — x)~3
= the coefficient of x® 1 in (1 — x)~3
= ()" = GO TR T

("+1) = - (n + 1n

b)



Ex 9.5: (3)

) _ x(+x)] 2 12 92 22,
f(x) = TEE generates 0,14, 2%, 3“ ...;

Ol = 02 4 125 + 22x% 4 3223 4 -
ST
Xx+x* | _ 43 3 3,2 4 ...
( )(1x)3] 1° + 2°x + 3°x% + -+
x(d) x+x? ]:03+13x+23x2+33x3+°";

(1- x)3
2
() [222] = 2t oo X050 generates 0%, 0° + 12,0% 4 17 + 23, ., and

(1-x)3 (1= x)4 ’ (1-x)3

the coefficient of x™ is Y11 013.
A+ ) -0 =+ 42+ 0[(F7) + ()0 + (502 + -1

Here the coefficient of x™is () (=13 + 4(>)(-D" 2+ (°) (-1

— (Tl+1) 4+ 4_(n+2) + (Tl+3)

_ (i) nm+Dnn—-1DMn—-2)+ ]

B An+2)n+1Dn(n—-1D+Mm+3)n+2)(n+ Dn

= [(n+ 1)(n)/4!](6n* + 6n) = (1/4)(n + H(n)(n* + n) = [(n+ 1)(n)/2]*




Ex 9.5: (5)

c(1=—0)f(x) =0 —-x)(ag+ ayx + a,x* + axx>...) =ay +
(a; —ag)x + (a; —ay)x* + (a3 — a,)x> ..., 50 (1 — x)f(x) is
the generating function for the sequence a,, a; — ay,

a, —aq,dz — ay, ....



